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Abstract

We prove that, for two simple functions drlt, solving the online assignment problem with crl − drlt as the contribution
for assigning resource r to task l at time t gives the optimal solution to the corresponding offline assignment problem
(provided the optimal offline solution is unique). We call such functions drlt optimal discount functions.
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1. Introduction

Suppose we have a set of resources and a set of tasks
that must be assigned to each other over time. All of the
resources are available initially. The tasks arrive in an on-
line fashion; that is, each task arrives singly over time. As
each task l arrives it is assigned to a resource r, resulting
in a contribution crl, or not, in which case it leaves the net-
work permanently. The objective is to maximize the sum
of the assignment contributions. Problems of this kind
are called online, or dynamic, assignment problems. Vari-
ations and different aspects of dynamic assignment prob-
lems have been studied; see, for example, [1, 2, 3, 4, 5].

The greedy online algorithm that chooses the best as-
signment at time t without regard to the future tends to
perform poorly when compared to the optimal offline solu-
tion. For instance, if costs in the minimization version of
the problem are independent and identically distributed
in [0, 1], then the expected value of the greedy solution
is Hn+1 − 1 ≈ log n [6, p. 145], where Hn =

∑n
i=1 1/i,

and so is unbounded. However, the expected value of the
minimization version of the corresponding offline optimal
solution is π2/6 [7]; not only is it bounded, it is smaller
than 2! On the other hand, Hoffman [8] found a condition
that implies that a variation of the greedy online solution
gives the optimal offline solution. If the contributions for
the offline n×n maximization problem form an anti-Monge
sequence; i.e., if cij + ckl ≥ cil + ckj for all 1 ≤ i < k ≤ n
and 1 ≤ j < l ≤ n, then assigning resource i to task i for
all i is optimal.

An idea considered in previous work [9] by the author
for addressing the typically poor quality of the greedy so-
lution is to subtract from the contribution crl for assigning
resource r to task l at time t a discount function drlt. Such
a discount function attempts to balance the contribution
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gained from making an assignment now against the poten-
tial contribution from a better future assignment. Two of
the discount functions we consider are drlt = vr,t+1 and
drlt = vr,t+1 + vl,t+1. These functions can be thought of
as discounting by the value of having resource r or by the
sum of the values of resource r and task l, at time t + 1.
(We formally define vrt and vlt in Section 2.) Such dis-
counts should seem reasonable, especially in the first case;
the time t decision should be a tradeoff between the con-
tribution crl for assigning r to the arriving task l versus
the value of having r available in the next time period.
(Task l leaves the network if it is not assigned and so is
not available at t+ 1 anyway.)

However, calculating the value of having a resource or
a task available at a future time requires knowledge of
the future state of the network, which of course is not
available at the time that a decision needs to be made.
Discount functions such as these then really make sense
in an adaptive setting, in which many instances of similar
online assignment problems are solved over a long period
of time. For example, consider the problem of a delivery
company’s assigning drivers to loads day after day. While
the drivers and loads may not be exactly the same every
day, they are often similar. In a setting such as this one,
we can, after we know the full history of many problem in-
stances, build an approximation of the value of a resource
and of a task at time t by considering the values of similar
resources and tasks in problems already solved. Then we
can use these approximate values from time t + 1 as dis-
counts on the time t decision in the current problem. This
is the approach followed in our previous work.

How good are the discount functions drlt = vr,t+1 and
drlt = vr,t+1 + vl,t+1, though? Numerical simulations [9]
indicate that they give approximately optimal solutions
in certain settings in which the resource and task proper-
ties are allowed to change from problem instance to prob-
lem instance. However, we were surprised to discover that
when we considered exactly the same problem over more
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than one iteration, discounting by resource gradients or by
resource and task gradients produced the optimal offline
solution rather than an approximation of it. This held
true for every problem instance we considered. In other
words, it appeared that if one were to have (e.g., build
up over time) the correct resource and task values for a
particular problem, then using those values as discounts
would cause the greedy online solution to yield the opti-
mal offline solution. Thus not only do drlt = vr,t+1 and
drlt = vr,t+1 + vl,t+1 appear to be effective as discount
functions, they actually look like what we might call opti-
mal discount functions; i.e., discount functions that cause
the online solution to be the same as the optimal offline
solution. In our paper [10] we were able to prove that
drlt = vr,t+1 is such an optimal discount function, but we
were unable to adapt the proof for the case of the resource
and task gradients.

The main contributions of the current paper are twofold:
1) We prove that drlt = vr,t+1 + vl,t+1 is also an optimal
discount function. 2) This proof gives much more insight
into why the two discount functions are optimal, partly
because it is quite a bit simpler than the one in Spivey
and Powell [10]. It immediately implies that drlt = vr,t+1

is optimal as well.
(In [9] we consider a third discount function drlt =

vrl,t+1, which can be thought of as the value of having the
resource and task together as a pair available at time t+1.
While similar to drlt = vr,t+1 + vl,t+1, experimental work
shows that it cannot be an optimal discount function. It
does, however, perform well in the adaptive setting we con-
sider. For more on building approximations to the value
of some resource, task, or even network state over time
see work by George, Powell, and Kulkarni [11] or Powell’s
recent text [12] on approximate dynamic programming –
especially Chapter 11.)

2. The discount functions

Let R denote the set of resources and L the set of
tasks, with R and L disjoint. For our purposes we define
the (offline) assignment problem as follows:

Maximize
∑
r∈R

∑
l∈L

crlxrl

subject to
∑
l∈L

xrl ≤ 1 for each r ∈ R;∑
r∈R

xrl ≤ 1 for each l ∈ L;

xrl ∈ {0, 1} for each r, l.

In the online version, all resources in R are available
initially, and we step through time, adding a task at each
time t. If Rt is the set of resources available at time t, l is
the task that becomes available at time t, and drlt is the
discount function on the contribution for assigning r to l
at time t, our problem at time t is to solve

Maximize
∑
r∈Rt

(crl − drlt)xrlt

subject to
∑
r∈Rt

xrlt ≤ 1;

xrlt ∈ {0, 1} for each r ∈ Rt.

In Spivey and Powell [9] we propose the discount func-
tions drlt = vr,t+1 (discounting with resource gradients)
and drlt = vr,t+1 + vl,t+1 (discounting with resource and
task gradients). The quantity vrt is the marginal value of
resource r at time t, in the sense that if r is available at
time t, vrt is the net amount that would be lost by remov-
ing r from the network, and if r is not available at time t,
vrt is the net amount that would be gained by adding r to
the network. Thus our two functions can be thought of as
discounting the contribution for crlt by either (1) the value
of having both resource r and task l available at time t+1,
or (2) the value of having just resource r available at time
t + 1. This definition implies that we have an underlying
solution x′ from which to calculate these gradients. As
we indicate in the Introduction, it is the optimal offline
solution that we need for x′.

Formally, we define vrt and vlt in the following fashion.
Let R′t be the set of all resources that are available for
assignment at time t, and let L′t be the set of all tasks that
become available for assignment at time t or later, under
a particular solution x′. (In other words, these resources
and tasks have not been assigned by time t under x′.) Let
St = R′t ∪L′t. Define C(St) to be the value of the optimal
assignment problem for St; i.e.,

C(St) = Max
∑
r∈R′

t

∑
l∈L′

t

crlxrl

subject to
∑
l∈L′

t

xrl ≤ 1 for each r ∈ R′t;∑
r∈R′

t

xrl ≤ 1 for each l ∈ L′t;

xrl ∈ {0, 1} for all r ∈ R′t, l ∈ L′t.

Then we define the value (gradient) of a resource to be

vrt =

{
C(St)− C(St − r) if r ∈ St;

C(St + r)− C(St) if r 6∈ St.

Similarly, we define the value (gradient) of a task to be

vlt =

{
C(St)− C(St − l) if l ∈ St;

C(St + l)− C(St) if l 6∈ St.

(For notational simplicity we write St−r rather than St−
{r} and St − l instead of St − {l}. Similarly, we write
St−rl rather than St−{r, l}. In addition, our assumption
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that R and L are disjoint implies that vrt and vlt remain
well-defined.)

The resource and task gradients are closely related to
the dual variables. In fact, the common interpretation
of a dual variable for a resource or task is that it repre-
sents the marginal value of that resource or task. How-
ever, this interpretation fails in the presence of degener-
acy. Instead, if ur is the dual variable associated with
resource r in a particular optimal solution for a network
S, C(S+ r)−C(S) ≤ ur ≤ C(S)−C(S− r). (See, for ex-
ample, Aucamp and Steinberg [13].) Moreover, solutions
to the assignment problem exhibit a large degree of degen-
eracy. Thus using the dual variables from time t+ 1 may
not accurately capture the true value of having resources
or tasks available at time t + 1. Our resource and task
gradients avoid the problems with degeneracy, as we now
prove.

3. Proofs

First, we need a theorem of Shapley’s [14].

Theorem 1 (Shapley). Given a network S,
(
C(S + r)−

C(S)
)

+
(
C(S + l)− C(S)

)
≤ C(S + rl)− C(S).

In Shapley’s terminology, resources and tasks are com-
plements, i.e., the value to the network of adding a resource
and task together is greater than the sum of the values of
adding the resource and task separately.

Now we prove our main result that the resource and
task gradients are optimal discounts.

Theorem 2. Let x∗ denote the optimal solution to a given
offline assignment problem. Let x denote the solution to
the corresponding online assignment problem found by the
greedy method when the contributions crl are discounted by
vr,t+1 + vl,t+1. Then, if x∗ is unique, then x = x∗.

Proof. Assuming that x makes the same assignments as
does x∗ for times t′ < t, and if task l becomes available at
time t, then we need to show

1. If x∗rlt = 1 then xrlt = 1.

2. If x∗rlt = 0 for all r, then xrlt = 0 for all r available
at time t.

We accomplish this by proving the following claims.

Claim 1. If x∗rlt = 1, then vr,t+1 + vl,t+1 < crl.

Claim 2. If x∗rlt = 1, then, for all r′ available at time t
with r′ 6= r, vr′,t+1 + vl,t+1 ≥ cr′l.

Claim 3. If x∗rlt = 0 for all r, then, for all r available at
time t, vr,t+1 + vl,t+1 > crl.

Claims 1 and 2 together establish that if x∗rlt = 1, then
r is the only resource available at time t for which crl −

vr,t+1 − vl,t+1 > 0. Thus xrlt = 1 as well. Claim 3 shows
that if x∗rlt = 0 for all r available at time t, then crl −
vr,t+1 − vl,t+1 < 0 for all r available at time t. Thus
xrlt = 0 for all r available at time t as well.

Proof of Claim 1. Let l′ and r′ denote, respectively, the
task to which r and the resource to which l are assigned in
the optimal solutions to the networks St+1 + r and St+1 +
l, respectively. (It may be that r and l are unassigned
in these networks, but the argument still holds.) Then
C(St+1 + r) = C(St+1 − l′) + crl′ , and C(St+1 + l) =
C(St+1 − r′) + cr′l. By uniqueness, C(St+1 − r′l′) + crl′ +
cr′l < C(St) = C(St+1) + crl. By Theorem 1, C(St+1 −
r′) +C(St+1 − l′) ≤ C(St+1) +C(St+1 − r′l′). Putting all
this together, we have

C(St+1 + r) + C(St+1 + l)

= C(St+1 − l′) + crl′ + C(St+1 − r′) + cr′l

≤ C(St+1) + C(St+1 − r′l′) + crl′ + cr′l < 2C(St+1) + crl

⇒ C(St+1 + r)− C(St+1) + C(St+1 + l)− C(St+1) < crl

⇒ vr,t+1 + vl,t+1 < crl.

Proof of Claim 2. Since xr′l = 1 is a feasible assignment
for St+1 + l, C(St+1 + l) ≥ C(St+1 − r′) + cr′l. Then
vr′,t+1 + vl,t+1 = C(St+1)− C(St+1 − r′) + C(St+1 + l)−
C(St+1) ≥ −C(St+1 − r′) + C(St+1 − r′) + cr′l = cr′l.

Proof of Claim 3. Since l was not assigned at time
t, any resource r available at time t is also available at
time t + 1. In addition, xrl = 1 is a non-optimal feasible
assignment for St+1. Since the optimal solution is unique,
C(St+1) > C(St+1 − rl) + crl. Then vr,t+1 + vl,t+1 =
C(St+1)−C(St+1−r)+C(St+1)−C(St+1−l) > C(St+1)−
C(St+1−r)+C(St+1−rl)+ crl−C(St+1− l) ≥ crl, where
the last step follows from Theorem 1.

From Theorem 2 it is easy to show that the resource
gradients alone also constitute optimal discounts.

Corollary 1. Let x∗ denote the optimal solution to a given
offline assignment problem. Let x denote the solution to
the corresponding online assignment problem found by the
greedy method when the contributions crl are discounted by
vr,t+1. Then, if x∗ is unique, then x = x∗.

Proof. Suppose task l becomes available at time t.
Claims 1 and 2 from Theorem 2 imply that if x∗rlt = 1,

then crl−vr,t+1 > cr′l−vr′,t+1 for any r′ available at time t
with r′ 6= r. So assigning r to l is better than assigning any
other resource to l. They also imply that crl − vr,t+1 > 0,
which means that assigning r to l is better than making
no assignment. Thus if x∗rlt = 1, then xrlt = 1 as well.

If x∗rlt = 0 for all r, then C(St) − C(St − l) = 0. But
no assignments at time t means that St = St+1, and so
vl,t+1 = C(St+1) − C(St+1 − l) = 0 as well. Then Claim
3 from Theorem 2 implies that for all r available at time
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t, vr,t+1 > crl. Thus if x∗rlt = 0 for all r then the best
solution at time t is not to assign l to any resource, which
yields xrlt = 0 for all r available at time t.

4. Final comments

Our earlier paper [10] showed only that the resource
gradients give optimal discounts. We were unable to adapt
our proof there to the case of the resource and task gradi-
ents. In fact, we do not even mention the resource and task
gradients in that paper; the experimental results showing
that the resource and task gradients give optimal discounts
are instead in Spivey’s doctoral thesis [15]. We see here,
though, that the proofs are much easier if we prove the re-
sult first for the resource and task gradients; from there the
proof for the resource gradients alone is a fairly straight-
forward corollary. Thinking of the resource and task gra-
dients as close approximations of the dual variables turns
out to be an important insight.

Our earlier paper also proves that discounting with re-
source gradients gives the optimal offline solution for prob-
lem instances in which tasks are allowed to remain in the
network if not assigned but for which the contribution for
assigning resource r to task l is a strictly decreasing func-
tion of t. Our results here easily extend to this case as
well.

Some questions for future research include the follow-
ing.

• Theorem 2 and Corollary 1 assume that the optimal
offline solution is unique. In the absence of a unique
optimal offline solution, the proof of Theorem 2 im-
plies that the discounts derived from an optimal of-
fline solution x∗ might produce a situation in which
crl−drlt = cr′l−dr′lt = 0, even though x∗rlt = 1 and
x∗r′lt = 0. This can happen, for instance, if crl = cr′l,
and r′ is not assigned to any task under x∗, while
another optimal solution x′ has exactly the same as-
signments as does x∗ except that x′r′lt = 1 and r
is unassigned to any task. In the case of such a tie
for the choice of time t assignment, the algorithm
could assign r or r′ or even no resources to l at time
t. Does the assignment of r′ to l in such a scenario
always lead to a different optimal solution, or is it
possible that a “wrong” choice when faced with a
tie could result in a suboptimal solution? (We could
require the algorithm to rule out the no-assignment
option, which would definitely lead to a suboptimal
solution.) More generally, can we describe the be-
havior of our discounted greedy algorithms in the
presence of multiple optimal offline solutions?

• Can we characterize the class of discount functions
for which the greedy method is exact?

• Can these results be extended to generalizations or
variations of the standard assignment problem, such

as the transportation problem and the bottleneck as-
signment problem?
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