Mathematics 181D Spring 2008

Exam Key Exam 1
February 7, 2008

Name

Technology used: Only

write on one side of each page.

e Show all of your work. Calculators may be used for numerical calculations and answer checking only.

Do both of these problems
1. Find the derivative of F (z) = [ ¢ dt

(a) Using part 1 of the Fundamental Theorem of Calculus

Solution: F (z) = [Y#3dt + [ t2dt = — [ #3dt + [ t*dt.Now applying the Fundamental
Theorem of Calculus and the Chain Rule we get

2 4

Fla) = =+ ()

[¢°]
— _$2 + eB:v
(b) Using part 2 of the Fundamental Theorem of Calculus

Solution: Since [ t2dt = %t:} + C then by the Fundamental Theorem of Calculus

eac

e’ 1
F(x) = / t2 dt:tﬂ
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1 1
= -3
1 1
= 35

‘Which tells us that

3

— 63:1: —1'2

Fl(z) = 3<1e3$> —

2. Use substitution to evaluate two of the following indefinite integrals.

(a) ft%sin (3 - t%) dt
Solution: Using the rule of thumb substitution u = 3 — t% we compute du = (O + t%) dt so
that

1 1 1 1
/tgsin(?)—ﬂ)dt = §/sin(u)du:—§cos(u)+0
1

1
= —2008<3—t2> +C



(b) f\/3+arctan(z dr

142
Solution: We use the rule of thumb substitution v = 3 + arctan (z) which gives du = lJr%daz
so that
V3
/ + arctan (z _ /ul/Qdu
1+ a2
w32
= —+C
32

= g (3 + arctan (2))¥? + C

(¢) [V/1— 22dx start by using the substitution z = sin (6) .
Solution: Since 2 = sin () we know that dz = cos (§) df and that v/1 — 22 = /1 —sin? (4) =

cos? (0) = cos (f). We also know that x = sin (f) implies that 6 = arcsin (z) .By not forgetting
to keep track of the ” dx” part, we get

/mdaz = /cos (0) cos (0) db
= /COS2 (0)de
_ ;/(14—608(20))(10

1 1
= — [ 1df+ 2
2/ do 2/603(0)d9

Now making the substitution v = 26 in the second integral we get du = 2df yielding
/\/1—x2dx = /1d9+4/cos
= 7(9 —l— — SlIl (u)+C

= }0+}sin(29)+C

2 4
= %6 + % (2sin (f) cos (0)) + C

1 1
= 3 arcsin (z) + 3TV 1—224C

Do any four (4) of the following problems

1. Solve the initial value problem

d3y d?y
@:x, @ :2, y’(0)=3, y(O)Zl
=0

Solution: 337% = x tells us that y” = 12? + Cy. Since y” (0) = 2 we can see that C; = 2 and
y” = 12?4+ 2. This in turn tells us that y' = 2%+ 22+ C5 and 3/ (0) = 3 tells us that Co =3 so y' =
éxﬁ’ +2x+3. Now y is the antiderivative of this function so it must be y = ix"‘ +22+32+C3 and the
last initial condition of y (0) = 1 implies c3 = 1 so the final solution is that y (z) = 5y2* + 22+ 3z + 1.

2. Without using a calculator, evaluate both of the following indefinite integrals



(a) [ (7sec2 (r) — 1+2:p2 + sec (z) tan (z) + ﬁ) dx
Solution: These are all functions whose antiderivatives are known formulas although we need

1 —3/4

to write —7as @ in order to apply the power rule. The anser is

21/4

7tan (z) — 2arctan (x) + sec (z) + i +C

(b) [ (207 +3y% + 4y +y'/?) dy
Solution: First we multiply through by y%and then apply know rules.

1 1
S (P 3y ) dy = [ (2434 - +y?) dy
Yy Yy

y~1/2

—1/2

3. If we use the partition points zop < x; < z2 < --- < m, to partition the interval [1,5] into n
subintervals of equal length.

= y*+3y+4Infy + +C

(a) What is the value of Az in terms of the letter n? Solution: Az =31 =1

(b) Write the values of zg, z1, z2, 2, and z,, in terms of the letter n. Solution: zy =1+ 0%1,
ri=1+2 2o=142% 2, =14k z,=1+n2 =5

(c) Use sigma notation to write, in terms of the letter n, the Riemann sum for the function f (z) =
x — 22 that uses the left endpoint of each subinterval as the value of ¢;.Do not simplify
this Riemann Sum.

Solution: Either of the following is correct.

£ () - (o) 3= (e w-nd) - (ron )

4. If we partition the interval [0, 3] into n subintervals of equal width, then the Riemann sum for the
function f (x) = 4z — 2 that uses this partition and the right endpoint of each subinterval as the

value of ¢ is D-j_ {4 (O + %) — (0+ %)3} %

(a) Use limits to compute the value of f03 (4z — 2®) dz. [No credit if you use the Fundamental
Theorem of Calculus.|
Useful facts: Y7 k=1in(n+1), Y i k> =1In?(n+ 1)%

Solution:
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Now taking the limit as n — oo of this last expression we see that fg’ (4:U — x3) = lim,
2
{18(1+}L)—841(1+}L) ] — 188 —_9

5. Given the function f(z) = vz?+ 1 with domain the interval [0,5]. Write a Riemann sum for f
using a partition P that divides [0, 5] into 3 subintervals and where ||P|| = 2. Be sure to specify the
partition points of P as well as writing out the Riemann Sum without using sigma notation.

Solution: There are many possible partitions. One that guarantees that ||P|| = 2 is to use zg = 0,
r1 = 2, xo = 4, and x5 = 5. Note that Azxzqy = 2, Azo = 2 and Azg = 1. Then the Riemann sum
that uses the left endpoints of each subinterval as ¢, is

2V/02 +14+2vV22 1+ (1) V42 +1

6. Suppose that f and g are integrable functions and that fab (3f (z) — g (z)) de = 5and ff (f(x)+g(x)) de =
7. Use properties of definite integrals to find f(f f (z) dz and f;g () dx.
Solution: For the moment, let A = f(ff(:c) dx and B = f;’g(x) dx. Then the first of our two
equations can be rewritten as ff Bf(x) —g(x)) de = ff 3f (x)dx — ffg (x) dz = 3f;f (x)dr —
ff g (z) dr = 3A— B =5 and the other one as A+ B = 7 solving this second equation for B =7— A

and substituting back into the first equation we get 34 — (7 — A) = 5 which simplifes to 44 = 12 so
A = 3. Putting this back into B =7 — A we see that B = 4. Thus the solution is

/bf(:v)dx = A=3
b

/ag(x)dx = B=4



