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Exercises
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1.Letl1 9

] . Find an orthonormal basis for R? with respect to the form (X,Y) = X!AY.

2. Prove any positive definite form is nondegenerate.

3. Find an othogonal basis for the form on R3 whose matrix (with respect to the standard basis) is
1 01
0 21
111

4. Let A be the matrix of a symmetric bilinear form (,) with respect to some basis. Prove or disprove:
The eigenvalues of A are independent of the basis. That is, if A’ is the matrix of the form with
respect to another basis, then A and A’ have the same eigenvalues.

5. Let W be a subspace of a vector space V' on which a symmetric bilinear form is given.

(a) Prove that W+ is a subspace of V.
(b) Prove that the null space N is a subspace of V.

6. Let W1, W5 be subspaces of a vector space V with a symmetric bilinear form. Prove:
(a) (W1 + WQ)L = WIJ‘ N WQJ‘
il
(b) W (W)
(c) If Wy C Wy then Wst € Wi-.

0.1 Examples in class:

1. Let V denote the vector space of all real n x n matrices. Prove that (4, B) = Trace (A'B) is a
positive definite, symmetric bilinear form on V. Find an orthonormal basis for this form.

(a) (A, B) =Trace (A'B) = Trace ((AtB)t) = Trace (B'A) = (B, A)
(b) (A, A) = Trace (A'A) = |[o1||* + - - - + ||vn]|* Where v; denotes the ith column of A.

1 ) — | —
(c) {eij, ers) = Trace (ejiers) = { ’0 p=randj=s

with respect to ().

. Thus, the standard basis is orthonormal
otherwise

2. Let V be the vector space of all real 2 x 2 matrices.

(a) Show the form (A, B) = det (A + B) — det (A) — det (B) is symmetric and bilinear.
i. (A, B) = det (A + B) — det (A) — det (B) = det (B + A) — det (B) — det (4) = (B, A)



ii. (A+B,C)=det(A+B+C)—det(A+ B)—det(C); (A,C)+ (B,C) =det(A+C) —
det (A) — det (C) + det (B + C) — det (B) — det (C) and push the 2 x 2 size.
(b) Compute the matrix of this form with respect to the standard basis and determine the signature
of the form.
1, i=j=1landr=s=2
i. (eijers) = det (e;5 + eps) — det (e;;) — det (ep5) = —1, ij =12 and rs = 21
0, otherwise

0 O 0 1

.. {0 0 -1 0 ;| 12

. A= 0 -1 0 0 PermutetoA—l —[2]'
1 0 0 0

iii. Signature is 242 = 4.
(¢) Do the same for the subspace of matrices with trace zero.

1. Basis {611,612,621} €929 = —€11.-



